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Abstract 


In this paper, we present the novel analytical expressions for the 
bounded-from-below or the vacuum stability conditions of scalar po- 
tential for a general CP violating two-Higgs-doublet model by using 
the concepts of co-positivity and the gauge orbit spaces. More pre- 
cisely, several analyticial sufficient conditions and necessary conditions 
are established for the vacuum stability of the general 2HDM poten- 
tial, respectively. We also give an equivalent condition of the vacuum 
stability of the general 2HDM potential in theory, and then, apply it 
to derive the analyticial necessary conditions of the general 2HDM po- 
tential. Meanwhile, the semi-positive definiteness is proved for a class 
of 4th-order 2-dimensional complex tensor. 
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e 1 Introduction 


— In 1973, the fist two-Higgs-doublet model (for short, 2HDM) is pre- 
= sented by Lee [1,2]. Subsequently, Weinberg [3] proposed a general 
multi-Higgs potential model. Since then, the stability of the scalar 
Higgs potential is an important problem with the Standard Model (for 
short, SM) at high-energies. The bounded-from-below (for short, BFB) 
or the vacuum stability of SM is very noticeable in particle physics com- 
munity. One of the simplest extensions of the SM Higgs sector is the 
2HDM [1,4]. It is well-known that the most general Higgs potential 
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for a 2HDM with Higgs doublets 9; and ®2 can be written [5-7] 
Vg ($1, $2) 2u110191 + 1220595 — (1281 Os + 159501) 


+ Ai (104)? + A5(0505)? 
+ 43(0610,)(0505) + Aq( ©] G2) (O51) 


A P (1) 
+ 2 M $5)? + > (9) 


+ (PIP) (APIP + AGHZ 41) 
+ (595) 79192 + 79501), 


where $* is Hermitian conjugate of 6. The parameters 4411, H22 and 
Ai (i = 1,2,3,4) are real, ig and A; (i = 5,6, 7) are complex. If such 
a 2HDM has explicit CP conservation, then 412 and A; (i = 5,6, 7) are 
real. 

The Higgs potential of such a 2HDM (1) may be said [6,8] 


H (91,05) = D Habd p + D tije (®; Bj) (P78), (2) 


a,b=1 ij,k,l=1 
where, by definition, 
tight — tais tight = jik» Hab = Moa: (3) 
The quartic part, 
2 
Va(81, ®2) = 3 Lia (915) (5.1), (4) 
i,j,k l=1 


gives a 4th-order 2-dimensional complex tensor 7 = (tiii): 

tiii =A1, (2222 = A2, 
1 1 

t1122 =t2211 = 9^» ty201 = t2112 = 3^ 

1 l, 

t1212 —35s5; t2121 E 3^5: (5) 
1 

las uai 3^6: tiio1 = t2111 = 3^6 
1 

11222 =t2212 = 3^n t2122 = t2221 = =F. 


The stability of the 2HDM potential requires that there is no di- 
rection in field space along which the potential tends to minus infinity, 
i.e., it is the BFB. In general, the quartic part of the scalar potential, 
V4, is non-negative for arbitrarily large values of the component fields, 
but the quadratic part of the scalar potential, V2, can take negative 


values for at least some values of the fields [6]. Considering only the 
quartic part V4, the condition for stability (the BFB) of the scalar po- 
tential in the 2HDM is equivalent to the co-positivity or semi-positive 
definiteness of the tensor T = (tijkı) given by the Higgs quartic cou- 
pling ris i.e. Vi(®1, Bo) = 0. When Ab = A7 — 0 and As is real, the 
vacuum stability conditions of 2HDM potential [4,9, 10, 12-14] are the 
following: 


Ay > 0,A2 > 0,A3 + 2V à1A2 > 0,A3 + Ag — làs] +2vV A142 > 0. 


In 2016, Kannike [15-17] presented the vacuum stability conditions 
of the scalar potential of two Higgs doublets in the 2HDM with ex- 
plicit CP conservation. Chauhan [18] derived analytic necessary and 
sufficient conditions for the vacuum stability of the left-right symmet- 
ric model, and gave the sufficient conditions for successful symmetry 
breaking. Recently, Song [19] showed the analytical sufficient and nec- 
essary conditions of the co-positivity of the tensor 7 = (tij) with 
the real nembers A; (i = 5,6, 7), and moreover, the vacuum stability 
conditions of scalar potential for the 2HMD with explicit CP conser- 
vation was obtained. For more details about the BFB or the vacuum 
stability conditions of the 2HDM potential, see Refs. [10,11,20,21] for 
2HDM with CP conservation; Refs. [7,21] for the most general 2HDM; 
Refs. [6, 21, 22] for 2HDM with CP conservation and CP violation; 
Ref. [23] for 2HDM handled numerically and others references that are 
no cited here. 

In this paper, we provide three new analytical sufficient condi- 
tions for the bounded-from-below or the vacuum stability of scalar 
potential for a general 2HDM by using the co-positivity of 4th-order 
2-dimensional symmetric real tensor. A sufficient and necessary con- 
dition of the vacuum stability of the general 2HDM potential is given 
in theory, which contains the vacuum stability condition of the general 
2HDM potential with Zə symmetry as a special case. Then, we apply 
this conclusion to derive the analyticial analyticial necessary conditions 
of the vacuum stability of a general 2HDM scalar potential. Mean- 
while, the analytical sufficient conditions and necessary conditions are 
obtained for the semi-positive definiteness of a class of 4th-order 2- 
dimensional complex tensor. 


2 Co-positivity criteria 


The co-positivity of a matrix M = (uij) has been applied to test the 
vacuum stability of the 2HDM in Refs. [15-18]. It is kown-well that 
a 2 x 2 symmetric real matrix M = (pij) is co-positive, i.e., for all 
non-negative vectors x = (1,22)! € R?, the quadratic form 


x Mx = pax + 29122132 + [22x > 0, 
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if and only if [24-26] 
H11 = 0, H22 È 0 and 412 + Venk = O. (6) 


The co-positivity of a symmetric real tensor has been used to the 
SM in literature to obtain vacuum stability conditions in Refs. [15,19, 
27-30]. A 4th-order n-dimensional symmetric real tensor T = (tijk) is 
co-positive [31-36] if for all non-negative vectors x = (£1, %2, +: £n)! € 
R”, the quartic form 


n 
4 P l 
Tx = tijklLiljEkT] = 0. 
ij, kl 


Let t1111 = Qo > 0 and t2222 = o4 > 0. Recently, Song and Li [28] 
presented the analytical expressions of co-positivity of a 4th-order 2- 
dimensional symmetric 7 with the help of the update version ( [33]) 
of Ulrich and Watson's result [37]. Let 7 = (t;jj) be a 4th-order 
2-dimensional symmetric real tensor with its entires 


1 1 1 
t1111 = Qo, t2222 = Q4, t1112 = 190 uam = g o2: 61222 gu 


'Then the quartic form 
Tx^ = ag] + 0422122 + agr r? + agrir? + ages > 0 (7) 
for all xı > 0,22 > 0 if and only if 


(1)A € 0, a1 /a4 + o3 / ag > 0; 

(2)ay > 0,03 > 0,2 /ag04 + az > 0; 

(3)A > 0, jai ya, — as /ao| < A /acazaa t 2ao4 004; 
(i) — 2,/ago4 € a» € 6 /agaa, 
(it)ag > 6 /ag04 
014/044 + A3,/A = Ay acaso — 2aga4 0904, 


where A = 4(12a9a4 — 30105 + o2)? — (72090204 + 90302053 — 203 — 
27ago2 — 2To204)?. 


Song and Qi [29, Theorem 3.7] gave a stronger sufficient condition 
for the co-positivity of a symmetric real tensor 7 = (t;jjj). That is, 
Tx‘ > 0 for all zı > 0, z2 > 0 if 


B = o1 + 44/ aĝas > 0,y = oa + 44/ aoa} > 0, 


(8) 
ag — 6,/aom4 + 2 / B3 = 0. 


4 


Song [19] obtained an analytical sufficient and necessary condition 
for the co-positivity of a symmetric real tensor T(p,0) = (tijii(p, 0)) 
with two parameters p € [0, 1] and 0 € R, 


t1111 —À4, t2222 = Ao, 
1 

11122 = (ss + A4p? + Asp? cos 20), (9) 
1 1 

13112 =5 Asp cos 0, ti222 = 3 Arp cos 9. 


That is, Ay > 0, A» > 0, the quartic form 


T (o, 0)x^ =A r] + Aor + (As + Aap? + Asp? cos20)v125 (10) 
+ 2(pAg6 cos 0)z2:3 + 2(pAz cos 0)a 123 > 0, 


for all xı > 0,22 > 0 if and only if 
(a) Ag = Az = 0, A3 + 24/ Ay Ag Pa 0, A3 + A4 = |As| + 24 Ay Ag > 0; 
(b) A > 0, A3 +2V A142 > 0, 
[Ae V A2 — Azv M| < 24 M M (As + A4 + As) +2442 V A143, 
(i) = 2V A142 € Aa + A4 + As < 6V A142, 
(ii) A3 + A4 + Ns > 6V Ay Ag and 
[Ac V Ao + A7V M| < 2V Ai Ay (As +44 + As) — 2A; A2 V A1 Aa, 


where A = 4(12A1A5— 12A; As -4- (A3 ES VI +As5)?)3— (T2A1A3 (Aa +Aqg+ 
As) -36AgAz(As - A4 -- A5) — 2(A +44 +45)? — 108A; A2 — 108A2A2)?. 


3 Vacuum stability of the general 2HDM 
potential 


3.1 Sufficient conditions 


In this section, we mainly give the vacuum stability conditions of the 
2HDM potential (1) with explicit CP violation. We rewrite the quartic 
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part of such a 2HDM potential as follow 


2 
Va(1, 82) = M. tial B; (D2) 
i,j,k l=1 


=) (9191)? + A2(®52)* 
+ 2s($10,)(0595) + A4(9105)(9501) (11) 


PN Xn 
+ F (9199) + g Bib" 
+ (B71 ®1) (Ag Pj Sz + A50501) 


+ ($593) (479102 + A750). 
Let ¢;=|®;| = \/®*;, the modulus of ®; for i = 1,2. Then 

$105 = di dope” and $59, = pipop”, 

here i? = —1 and p € [0,1] is the orbit space parameter [9, 15,18]. Let 
As = [As|e'*5, Ag = |Acle*??, Av = |Az]e"", 

where o; is argument of the complex number A; (k = 5,6,7). Then 

AE = |As ]e7 t, AG = Asle? A = Azle??? 
So, we have 


Va(®1, $5) =Ard} + 3205 + Apio + Asp? 193 


Asl i os 
q Del (giles +20) 4 oi es426)) 42 42 p? 


2 

+ Aee et? + e M94) Sido 

4 [Az (eite +) 4 eer te) 4, 30 

=o} A203 + Ash G3 + Asp? PIP 

+ [As|é1ó3p" cos(ps + 20) 

+ 2|A6| 63620 cos(ye + 0) 

+ 2|A7|¢163p cos(y7 + 0) 

=i bt + A203 + A3d105 + Asp? 13 

+ |\5|6763/7 (cos ps cos 20 — sin ys sin 20) 


+ 2/Ac|ó12p(cos Ye cos 0 — sin vg sin 0) 


+ 2|Az| $13 p(cos qz cos 0 — sin v; sin 0). 


Obviously, ReA, = |A;| cos yp, ImA, = [Ax] sin gx, (k = 5,6, 7). Then, 


202301.00156v2 


chinaXiv 


noticing sin 20 — 2sin 0 cos0, we have 
Vi (91,05) =A101 + A203 + Os + Aap? + ReAsp? cos 20)0105 
+ 2(pReAs cos 0)9162 + 2(pReAz cos 0) 9361 
— 2pó1ó»(EmA5pó16» sin 0 cos 0 (12) 
+ Im A6¢7 sin 0 + Im)7¢3 sin 0) 
=V; (1, $2) + V1 ($1, 2); 
where 
Vilo, $2) 2161 + A203 + (Az + Asp” + ReAsp? cos 20)$7.65 
+ 2(pReAg cos 0)ó1 6» + 2(pReA; cos 0) ¢3¢1, 


Vi" (61,62) = — 2(psin 8)[(pcos6)EmAscióz as) 
+ ImAcó1 + ImAzó$5]ó192. 
Applying the co-positivity of a real tensor (9) with 
Aj = Xi (i = 1,2,3,4), Aj = Red, (k = 5,6,7) 
to obtain that A, > 0, A2 > 0, 
Vi ($1, $2) = 0 for all $1, ó2 (14) 


if and only if 
(I ReAs = Re^; = 0, åa + 2V MA» 2 0, 

A3 + A4 — |ReAs| +2V/ A142 > 0; 

(II) A > 0, àg + 2VA1A2 > 0, 
[ReAs v À2— Re^; Ail < 2/0 + A4 + Reds) + 21 A2 V A1A2, 
(i) = 2v A1À2 < A3 + A4 + Reds < 64 A1À2, 
(ii) A3 +A4+ Red; > 6 ^1À3 and 
|[Re\g/A2 + Re^; Ail < 2v Ao + A4 + Reds) = 2A ,A2V/ A1A2, 


where A = 4(12A,\2—12ReAgReA7+(A3+A4+Reds)?)3—(72A1A2(A3+ 
Aa + Re);) + 36RerAgReA7(A3 + v4 + Re);) E 2(A3 + A4 + Re);)? = 
108A (ReA;)? = 108(ReAs)?A3)?. 


After making simple calculations (sin 0 4 0), we have 


Vj (1, 62) = 0 for all $1, $2 (15) 
if and only if 


Im)\¢¢? + (pcos #)ImA561¢2 + ImA7¢3 > 0, sind < 0, 
Im)\6¢? + (pcos #)ImA5¢1¢2 + ImA7¢3 < 0, sind > 0. 


By the co-positivity of a real matrix (6) with 
I1 = Img, ji» = (pcos 0)ImAs, 1293 = ImAz, 
we obtain that 
Im\¢¢? + (pcos #)Im\5¢1¢2 + Im\7¢3 > 0 for all $1, 92 
if and only if 
ImAg > 0, ImA; > 0, (pcos 0)ImAs + 2//ImAg - ImA; > 0. 


Case 1: Im); > 0. 
The function g(pcos0) = (pcos0)ImAs + 24/ImAsg - ImA; reaches 
its minimum at p cos = —1, so for all pcos0 € [-1,1], we have 


(p cos 0)ImAs --24/ImAg : ImA; > 0 = —Im25--24/ImAg - Im); > 0. 


Case 2: ImAs < 0. 
The function g(pcos0) = (pcos0)ImAs + 2\/ImAg - ImA; reaches 
its minimum at pcos@ = 1, so for all pcos0 € [-1,1], we have 


(pcos 0)EmAs + 2 /ImAs - ImA; > 0 & ImAs + 2 /ImAs - Im); > 0. 
Therefore, for any real number ImAs, we have 
(p cos 0)ImAs--24/ImA; : ImA; > 0 & — [ImAs|--2/ImA; - ImA; > 0. 
Similarly, we also have 
Im2Acó2 + (pcos0)IEmAs5ó19» + ImA792 < 0 for all $1, %2 
if and only if 
—ImAsój — (pcos 0)ImA5¢1¢2 — ImA743 > 0 for all $1, %2 


which is equivalent to the co-positivity of 2 x 2 matrix M = (uij) with 
its entries, 


Hai = —ImaAs,j2 = —(pcos0)ImAs, p22 = —ImA;. 
This means that 
—ImA, > 0, -ImA; > 0, — (pcos0)ImA; + 2\/ImAg : ImA; > 0, 
that is, 


ImAg € 0, Im; < 0, — (p cos 6)Im)5 + 24/ImAsg - ImA; > 0. 


Similarly, the function 


f (pcos) = —(pcos0)ImAs + 24/ImAg - Im^; 


reaches its minimum at pcos@ = 1 (Im); > 0) or —1 (Im); < 0), and 
hence, for any real number ImAs, 


— (pcos 0)ImAs--24/ImAs -Im)7 > 0 & —|Im)5|4+2.\/ImAg - ImA; > 0. 


So, we get the conclusion that 


Vi (1, $2) 2 0 for all 1, 92 


if and only if 


(III) Img : ImA; > 0, — [ImAs| + 2/ImAs : Im); > 0. 


In summary, we prove the analytic conditions (I), (IT) and (III) 
assure the vacuum stability of the 2HDM potential with explicit CP 
violation. At the same time, we also obtain the semi-positive definite- 
ness of a 4th-order 2-dimensional complex tensor 7 = (t;;,.) definited 
by the Eq. (5). 


In term of Eq. (8), we also may obtain a stronger sufficient condi- 
tion. That is, V4(¢1, $2) > 0 for all $1, 92 if for all p € [0,1] and all 
0 c [0,27], 


B(@) = 2(p|Ac| cos(p6 + 0)) + A4/ MA2 > 0, 


(8) = 2(o|Az| cos(y7 + 0)) + 44/3123 > 0, 
(As + Asp? + |As|p? cos(ys + 20)) — 6/ A1Àa + 2 / 8(0)3(0) > 0. 
Which is equivalent to 
B = 24/39 — |Agl > 0,4 = 24/ A133 — àz] > 0, 
(IV) As — 6/43 + 4/87 2 0, 
As + Aa — |As| = 6/3 + 4/B*y > 0. 
Similarly, V/($1, 62) > 0 for all $1, %2 if 
B! = 24/ MA; — [Rede] > 0, = 24/A13 — [Redg| > 0, 
(IV) — X — 6 do + 4V BY > 0, 
As + As — |ReAs| — 6/1 Az + 4/8'7' > 0. 


Remark 3.1. Four analyticial sufficient conditions are following: 


the conditions (IV^) and and (III); 


3.2 Sufficient and necessary conditions 


ReAg = Red; = 0, the conditions (I) and (III); 
Red, z 0 or Redz 4 0, the condition (II) and (III); 


In this subsection, V4(®1, ®2) is rewritten as follows (A1 > 0, A2 > 0), 


V1(®1, ®2) = Ap? + Bp +C = F(p), 


A — ad1d2, B= bóiós, C = A191 + A253 + 30105, 


a = À4 — Reds + 2(ReAs cos 0 — ImAs sin 0) cos0 


= A4 + |As| costos + 26), 


(16) 


b = 2(ReAc9? + ReAz92) cos 6 — 2(ImA6¢7 + ImAz92) sin 0 


= 2|Ae|ó1 cos(ye + 0) + 2|A7|G3 cos(y7 + 6). 


The quadratic function f(p) is non-negative about a variable p € 
[0, 1] if and only if its minimum is non-negative in theinterval [0,1], and 
so, its function value is non-negative at the boundary points p = 0,1 


and the unique extremum point pọ = — 3% € [0, 1](A > 0). That is, 
4AC — B? 
ge 2)= 4A = 0, A (0, 1], 
f(p) 29 4 f0) > 0, 
f) 2 0. 


0<-#<1,A>0 


-A <0,A>0 
- >1,A>0 
53,A«0 
,A«0 


> 
= < 


Figure 1: Graph of f(p) 
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Proposition 1. V4(®,, 2) > 0 if and only if 


4AC — B? > 0, —2A< B «X0; 
C > 0; 
A+B4+C>0. 


It is obvious that if Ag = A7 = 0, then B = 0, the symmetry axis 
— 2 = 0, and hence, V4(®1, $5) > 0 if and only if 


C>O0andA+C>0. 


For the 2HDM with Z5 symmetry [11], the quartic part of the general 
2HDM scalar potential is 


Vi? (1, 2) =A (9101)? + A2(0505)? 
*A(919:)(592) + As(@iP2)(G201) (47) 
As us NE ouk 
+ 5 (Piss)? + F (9591). 
Therefore, V? ($,, $5) > 0 if and only if 
C = Arb} + A205 + Ass = 0 
A+C = M t+ A245 + (Az + A4 + |As| cos(ys + 20)) 765 > 0. 


It is clear that C > 0 & A3 4-2 /A1A» > 0, 
A+C 2 0823 + Ag + [As] cos(ps + 20) + 2/ MA» = 0, VE € [0,27] 
€As +4 - làs] + 2\/A Aq > 0. 


Corollary 2. VE (ð, $5) > 0 if and only if Ai > 0, A2 > 0, 


(V) Ag + 2 A AQ > 0,A3 + Aa — JAs| + 2y A1À23 > 0. 


This condition (V) is well-known for the inert doublet model [4,9, 
10, 16, 23]. 


3.3 Necessary conditions 
In this subsection, V1(®1, ®2) is rewritten as follows (A1 > 0, A2 > 0), 
Vi (91,05) = f(p) = Ap? + Bp +C, 
fü) -A- B4 C 
=) 64 + Add + (A3 + Ag — Reds + 2ReAs cos? 0)9292 
+ 2(ReAs cos 0) 63.2 + 2(ReA; cos 0) 6361 
— 2(sin 0)[(cos 0)ImA5¢1 b2 
+ Im\6¢7 + ImAzó2]ó1ó2. 


(18) 


11 


Obviously, we have 
f(p) = 0, for all p € [0,1] = f(0) > 0, f(1) > 0. 


Then V4(®1, ®2) > 0 implies that f(0) = C > 0, which is equvalent to 


(VI) Age Ag > 0. 


This is a necessary condition of the vacuum stability of the general 
2HDM potential. Clearly, the other necessary condition is some con- 
ditions such that f(1) = A+B+C > 0. By Eq. (18), it is known that 
A+ B+C may be regarded as a quartic form with two parameters 
t = sin and s = cos@ with s? + t? = 1. So, when s = sin 0 = 0 and 
t = cos 0 = +1, the inequality 


A191 + A203 + (Ag + A4 + Reds) 6742 + 2ReAo 9192 + 2REATG341 > 0 


is a necessary condition. From Eq.(7), it follows that the above in- 
equality hold if and only if 


(1) A € 0, RersVA2 + RerzVAi > 0; 
(2) Rede Ps 0, Re^; = 0, A3 + A4 + Red; + PAVI AyA2 = 0; 


(3) A> 0, 
|Re\gV\2 = Rez V/A] < 2/rA1A2(A3 + A4 + Reds) + 2A1À2vV A1À2, 


(i) —2/MÀ2 < A3 + A4 + Reds < 64/ À1A2, 
(ii) A3 + A4 + ReAs > 6/A1A2, 


Rede As + Redz / A1 > —2 / M22(03 + A4 + Reds) — 22192 / AA. 
and 

(1) A € 0, -CReAe / A; — ReAr/Ai > 0; 

(2) -ReAs > 0, —Redz > 0, As + A4 + Reds + 2VÀ1A2 > 0; 


(3) A 5x D, 
| -ReAg /Ao 4-ReAz/Ai| € 2/1 A2(A3 + Aa + Reds) + 22422 /A1Àa, 


(i) -2/XAg € Aa + A4 + Reds € 6/032, 
(ii) A3 + Ag+ Red; > 6 /A4À5, 


—ReAg/A5—- ReA;/A1 > —2/r1A2(A3 +A4+ Re)s) — 2A, Ào V ÀA1À2. 


12 


Which is equivalent to 


ReAg = Re^; = 0, A3 + A4 + Reds; + 2 A1A2 = 0; 
Reds Æ 0 or Re^; Z0,A > 0, 


[ReAs y À2— ReA;y Ail < by daa + A4 + Reds) + 2MA2wv A1À2 
(VII) (a) = 24/ A1A2 < Àa + A4 + Red; < 64 A1A2, 
(b)A3 + A4 + Rers > 6 à1A2, 


|Rerg y AQ + Redz / Ail < eee + A4 + Re);) E 2AMA2wV A12. 


If t = cos0 = 0 and s = sin 0 = +1, the inequality 


NOt + A203 + (A3 + Aa — Reds) $743 + 2ImAeó1ó» + 2ImMó3éi > 0 
is a necessary condition also, and then, which is equivalent to 


Img = Im); = 0, A3 + Aa — Reds + 2/135 > 0; 
Img Æ 0 or Im^; 40, A’ > 0, 
[ImAgV/A2 — ImAz/Ai| € MEENET + A4 — Reds) + 2A1A2 / A102 
(VIII) (2) — 24/1135 € Ag + A4 — ReAs € 6VA1A2, 
(B')A3 + À4 — Reds > 6/A1A2, 
[ImAs /A5 + ImA7 VAi] € ay) Ao s + A4 — Reàs) — 2À1A2 5. 


where A’ = 4(12\;A2—12Im)\¢ImA74+(A3+A4— Reds )?)3—(72A1A2(A3+ 
4 — Re)s) + 36ImAgIm)7(A3 +r4- Reds) — 2(A3 + r4- Reds)? — 
108A; (EmA;)? — 108(ImAg)2A5)?. 


Applying the Corollary 3.1 of Song and Qi [29] to V4(®,, ®2), 


Vi($1, B2) =A1 G4 + A204 + [Aa + Asp? + Aslo? cos(ys + 20)]9292 
+ 2|\g|G2 dap cos(qs + 0) + 2|A7|¢1¢3p cos(y7 + 0), 


we obtain that V,(®,,®2) > 0 implies that for all p € [0,1] and all 
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0 c (0, 27], 


0 <2 G x 2|Ae|p cos(ps + 8) )và Vr2 +2 (i x 2|Az|p cos(p7 +0)) vA 
4 (s x ss + Asp? + |As|p? cos(ys + 20)) + XX) V A1Àa 
—|Ae| V/A2p cos(is + 0) + [Ar| V Aip cos(y7 + 0) 
4 : (s + Nap? + |As|p? cos(ys + 20) + 2-2) VATER 
—ReAg Và cos 0 + Redz J rap cos 0 
+ : (s A4 + ReAsp? cos 20 + 2 V/A) anu 
— ImAe VAzpsin 0 — Imà; VA psin 0 — sim); V/A1A2p? sin 20, 


3 
and then, p = 1 and 0 = 0 or m or ; Or n the above inequality must 
holds also. That is, 


(As + M4 +Reàs + 2/12) YMA 


+2 (Reds s + Rear V/A) 20 
(IX) 
(As dod Rei + 2V/AÀs) S XO 
r2 (Ims V2 + ImAr Vi) >0 


Clearly, the condition (VI) is obtained if p = 0. 


In summary, the conditions (VI), (WII), (VIII) and (IX) are the 
necessary conditions of the vacuum stability of the general 2HDM po- 
tential. 


4 Conclusions 


By means of the co-positive conditions of a 4th-order symmetry ten- 
sor, several analyticial sufficient conditions and necessary conditions 
are established for the vacuum stability of the general 2HDM poten- 
tial, respectively. That is, 

(I) and (III); 

ReAs #4 0 or Re^; Zz 0, (II) and (III); 
(IV^) and (III); 

(IV). 


( 
Four sufficient conditions: 
( 
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Four necessary conditions: (VI), (VII), (VIIT) and (IX). 


A sufficient and necessary condition is qualitatively showed for the 


vacuum stability of the general 2HDM potential, and then, applying it 
to derive the analyticial necessary conditions for the vacuum stability 
of the general 2HDM potential. The vacuum stability condition (V) 
of the Zo symmetry 2HDM potential is a special case. 


Figure 2: Analyticial conditions and the vacuum stability 
of the general 2HDM potential 
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